Liquid-crystal films exhibit a number of thermodynamically distinct phases, including various modulated phases that result from competing interactions. For instance, chiral smectic liquid-crystal films and lyotropic lamellar phases have been shown to form various striped modulated phases [ 1-41. Theories also predict hexagonal modulated phases in strongly chiral thermotropic films [5] . Although these hexagonal phases have apparently not yet been observed experimentally, thermotropic films have been shown to form more than one square-lattice modulated phase [6] . The characteristic wavelengths of these stripe and two-dimensional modulated phases can be of order 100 h g s t r o m s to more than a micrometre. Since this is much larger than the molecular size, such regular two-dimensional structures suggest the possibility of novel structural phase transitions in these essentially continuous films. In this letter, we examine possible structural phase transitions (SPT) in thermotropic liquid-crystal films or lipid bilayer membranes, subject to an applied electric field. We predict a sequence of second-order phase transitions from a square-lattice modulated phase to hexagonal phase, with an intermediate distorted phase of lower symmetry. In other words, a square-lattice phase evolves continuously into a hexagonal phase.
The studies of structural phase transitions in solid-state systems have been numerous [7] . In principle, the change of structure at a phase transition in a solid can occur in two very different ways. There are transitions where a regular lattice is continuously distorted. More familiar, however, are the discontinuous transitions where the atoms of a solid reconstruct a n N tr EUROPHYSICS LETTERS Fig. 1 . -Smectic-C order within a liquid-crystal film or lipid bilayer membrane arises from a tilt of the constituent molecules (represented by the solid oval and unit director n). In the case of a curved membrane, the orientation is defined with respect to the neighboring molecules. Equivalently, the tilt is characterized relative to the local normal N to the membrane. The surface component, m = n --( N . n ) N , represents a two-dimensional vector order parameter. new lattice. This can occur either as a result of small displacements in the lattice position of atoms or as a result of the ordering of atoms or molecules among various equivalent positions. It is possible to understand such transitions within Landau-Ginzburg theory based upon symmetry arguments. The space group of the low-symmetry phase is a subgroup of the symmetry group of the high-symmetry phase. For continuous transitions, the lowsymmetry phase is quantitatively described by an order parameter 'j near the transition. As a function of a thermodynamic variable A (such as temperature or an applied field), one finds that the order parameter varies continuously as -I A -A I B . For reconstructive transitions, the transition occurs discontinuously. In this case, one expects to see domains of the high-symmetry phase coexisting with domains of the low-symmetry phase.
In this letter, we report the results from a phenomenological Landau theory for tilt order and curvature of a single membrane in the presence of an external electric field. However, our results are applicable to multi-layer liquid-crystal films, such as those studied experimentally in ref. [6] . The mean-field phase diagram is obtained by numerical minimization of this phenomenological model free energy. We find that stripe phases as well as two-dimensional modulated phases of both square and hexagonal symmetry are possible. We also find continuous structural phase transitions as a function of the applied electric field from the square-lattice phase to the hexagonal phase, with an intermediate phase of lower symmetry.
In addition to the shape of the individual lamellae or membranes in a film, the molecular orientation within the film is an important order parameter. This molecular orientation can be completely described by the projection m of the local director n onto the local tangent plane to the membrane, as illustrated in fig. 1 . We include the coupling of the molecular orientation to the membrane curvature that results from steric interactions between neighboring molecules [8] 
(3)
Here h(x, y) is the height of the membrane relative to some flat plane with coordinates (x, y), and Vi V j h(x, y) is the curvature tensor. Within the mean-field approximation, minimization of the free energy with respect to h leads to an effective free energy given by eq. (2) with a reduced longitudinal elastic constant, Cl; = Cli -y 2 / K [8] . When Cl; > 0, the equilibrium phases are spatially uniform; when Cl; < 0, modulated phases are possible with a characteristic wave vector qo -q m that tends to zero at Cl ; = 0.
In the presence of an applied electric field along the z-axis, the lowest-order term that couples molecular tilt to the electric field allowed by symmetry in the free energy is proportional to n . V(n . E ) . Neglecting the boundary term, as well as higher-order terms in Im I, the free energy of a membrane in the presence of an applied electric field along the z-axis can then be expressed as where the splay coupling constant A, is proportional to the electric-field strength E.
Physically, this coupling can be understood as the modification of the dipole-dipole interaction in the presence of an electric field along the z-axis. The applied field breaks the up-down symmetry of the film. The amplitude of the effect is proportional to the strength of the applied electric field. This effect is similar to the polarization asymmetry considered by Meyer and Pershan [9] for the surface of liquid-crystal films. The model above is also formally similar to that of ref. [5, 10] for chiral smectic-C* films. In particular, for ferroelectrics, the polarization vector P -N X n is perpendicular to m above. For such systems, the model in terms of the polarization P is similar to eq. (4) with m replaced by P [lo] . These models of smectic-C* films predict hexagonal phases that differ from the modulated phases considered ,,,,,arm phase 0 C;I Fig. 2. -The mean-field phase diagram as a function of elastic constant C,; and electric field E for C, > 0 and t < 0. The solid lines indicate second-order transitions, while the dashed line indicates a first-order one. For zero field, only three phases occur: i) the uniform phase; ii) the splay stripe phase; and iii) the square-lattice phase. For non-zero electric field, the latter distorts continuously to become the .distorted phase. shown. Thus, a continuous evolution from the square-lattice phase to the hexagonal phase is predicted in the region of negative Cl/. here in that they involve bend rather than splay. The splay coupling constant A, above can be estimated by calculating the dipole-dipole interaction energy. Considering only the nearest-neighbor interactions, the splay coupling constant in eq. (4) is approximately given by
where a is the molecular length, d is the distance between two neighboring molecules, a is the molecular polarizability, and , U is the permanent dipole moment of each molecule.
To determine the mean-field phase diagram, we numerically minimize the free energy in eq. (4) in which the order parameter is represented by its Fourier series in two-dimensional k-space. The general form of the free energy in k-space is where a k and bk are the corresponding complex coefficients of the Fourier expansion of m,
, and ky = nq3 for any integers m, n. To find out the ground state of this free energy, we can numerically minimize eq. (6) in a multidimensional variable space (ak , b k ) . In addition, we consider variable basis vectors of the reciprocal space, (ql , 0) and (q2 , q3). A combination of simulated annealing and conjugate gradient minimization was employed to find the ground state for the system. This combination effectively improved the speed in searching for the ground state over simulated annealing alone. phase. In the absence of an applied field, the equilibrium phase exhibits a perfect square lattice (a)),
and inversion symmetry as shown in fig. 3u ). The symmetry group is C,, corresponding to four-fold rotations in the plane of the film. For non-zero applied field, the structure distorts as shown in b). The symmetry group is C,. Also, the inversion symmetry of the film is broken. Above a critical field strength, the fiim exhibits six-fold symmetry (C,) in c). Here the scale has been somewhat reduced from that of a) and b) in order to show the structure of the hexagonal phase.
In fig. 2 , we plot the phase diagram as a function of C,; and E. In the region of negative C,;, we find a two-dimensional modulated square-lattice phase at zero electric field. As shown in fig. 3a) , the square-lattice phase has two t 1 vortices at two corners and two -1 vortices at the other corners. The square-lattice phase possesses C, and reflection symmetry. The corresponding configuration of the tilt order parameter is shown in fig. 4a ). F o r a non-zero electric field, the symmetry of the square-lattice phase is reduced as illustrated in fig. 4b ). The symmetry group is C,, and the system is no longer symmetric under reflection through the average plane of the membrane. The electric field tends to favor one + 1 vortex over the other. Equivalently, the hills in fig.3a ) are favored over the valleys. With increasing electric-field strength, the disfavored strength + 1 vortex elongates to become two strength + 1 vortices and one -1 vortex. As the field strength increases further, the distorted vortex phase becomes the hexagonal phase shown in fig.3b ) and 4c). The symmetry group of the hexagonal phase is C6.
We note that the evolution from the square-lattice phase to the splay hexagonal phase is a continuous process. This evolution of the membrane structure from square-lattice phase to hexagonal phase therefore involves two successive second-order SPT instead of one first-order structural reconstruction. We estimate that the critical field strength for the transition to the hexagonal phase is of order E = 105-106 V/cm. However, depending on the material parameters, it could be significantly lower. In any case, for thin-" systems such as those studied in ref. 161 , we expect that the square-lattice phase will become a skewed two-dimension modulated phase for any non-zero applied electric field perpendicular to the layers.
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